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Abstract 

We consider the map of three-dimensional AA = 4 superfields to J\f = 3 harmonic 

superspace. The left and right representations of the A/" = 4 superconformal group are 

constructed on AA = 3 analytic superfields. These representations are convenient for 

^D ■ the description of A/" = 4 superconformal couplings of the Abelian gauge superfields 

^^ . with hypermultiplets. We analyze the AA = 4 invariance in the non-Abelian Af = 3 

C I Yang-Mills theory. 
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1 Introduction 



Oh' 



The simplest supersymmetric Chern-Simons theory was constructed in the N'=l,d=3 su- 
perspace with the real coordinates z = (a;'", 6'°), where the Grassmann coordinate 6" has 

^ ! the spinor index a = 1,2 of the group SL{2,R), and m = 0, 1,2 is the three-dimensional 

K>- I vector index [1, 2]. This theory uses the spinor gauge superfield Aa{z). The superfield 

action of the J\f=l Chern-Simons theory was interpreted as a superspace integral of the 

C^ ■ differential Chern-Simons superform dA + ^A^ in the framework of the theory of superfield 



O 

in 



^ 



integral forms [3]-[6]. The non-Abelian jV=2,d=3 Chern-Simons action was considered in 
the superspace z = (x™, 6'°, 6°"), where ^" and 6°^ are complex conjugated spinor coordinates 



O ! [3, 7, 8]. The basic J\f = 2 gauge superfield is V{z), and the gauge group preserves chirality 

of the matter superfields. The Af = 3,d = 3 Chern-Simons theory was first studied by 
the harmonic-superspace method [9, 10]. The analytic gauge f\f = 3,d = 3 prepotential is 

^ . similar to the gauge superfield of the Af = 2,d = 4 Yang-Mills theory [11, 12]. 

H ! The A^ = 5 and Af = 6 Chern-Simons theories were considered also in the harmonic- 

superspace method [13, 14], but this approach did not succeed in constructing of coupling 
of the gauge superfield with matter. We note that the Af = 6 Chern-Simons supermultiplet 
has an infinite number of auxiliary fields off mass-shell. 

The Af = 6 Chern-Simons-matter model for the gauge group U{N) x U{N) {ABJM- 
model [15]) and the Af = S BLG-iaodel for the gauge group SU{2) x SU{2) [16] were 
investigated in the Af = 3 harmonic superspace [17]. The Af = 3 supersymmetry is manifest 
in this formalism, the higher supersymmetry transformations connect different superfields 
and the corresponding algebra of transformations closes on the mass shell. The quantum 
aspects of the Af = 3 superfield theories were analyzed in [18]. 

The Af = 4.,d = 3 superfield theories were studied in our papers [19, 6, 20]. The mirror 
left and right Af = 4 supermultiplets are defined in different harmonic superspaces and 
this fact is the main obstacle to the construction of the left-right couplings. We review the 
Af = 4:,d = 3 superspace formulas in Appendix. 
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In the next section, we analyze the J\f = 3,d = 3 superconformal transformations in 
the standard and harmonic superspaces. The corresponding Kilhng operator K3 contains 
the generators of the A/" = 3 superconformal group Pm, Mm, D,Vki, Qa and Sa acting as 
superspace differential operators. 

We study the relations between the A/" = 4 and A/" = 3 harmonic superfields in section 3. 
The left A/" = 4 analytic superfields are decomposed in terms of the A/" = 3 spinor coordinates 
0++a^ 00a ^^^ ^]^g additional spinor coordinate 62- We obtain the A/" = 3 representation of 
the left A/" = 4 supermultiplets using the operator O connecting different superspaces. This 
operator allows us to define the active A/" = 4 superconformal transformations on the analytic 
A/" = 3 superfields. These transformations include the A/" = 3 superconformal generators and 
the transformations with the additional even generator Aki and the odd spinor generators 
Qa and S^. The mirror map Ai from the left to right A/" = 4 representations is equivalent 
to the change of the signs of these additional generators. Thus, we study the left and right 
supermultiplets in the same analytic superspace, the mirror supermultiplets have similar 
A/" = 3 transformations, and their additional transformations differ by the signs. 

Section 4 is devoted to the construction of the A/" = 4 superconformal models in the 
A/" = 3 harmonic superspace. We consider the analytic Abelian gauge prepotential V(^^ and 
its analytic superfield strength W^l"^ and prove that these superfields have the mirror A/" = 4 
transformations. The AT = 4 superconformal BF coupling of Wq~^ contains the right Abelian 
prepotential A^"*". This coupling is equivalent to the difference of two Abelian Chern-Simons 
interactions. The natural A/" = 4 superconformal coupling of the left gauge superfield Vq^^ is 
defined with the left hypermultiplets, while the right A/" = 4 gauge multiplet A^"*" interacts 
with the right hypermultiplets. We consider also the nonminimal interaction of Wq~^ with 
the right hypermultiplet. 

The interesting A/" = 4 superconformal coupling 5*^(^0^"^, A++) of two Abelian superfields 
contains the BF coupling and the improved forms of the actions for two superfield strengths. 
Analogous improved forms were considered in the Af = 2,d = 4 superspace [12] and in the 
Af = 4,d = 3 superspaces [20] . The A/" = 3 representation is convenient for the analysis of 
the quantum properties of this model. We also discuss the action of the nonlinear A/" = 4 
electro dynamics . 

In section 5 we study the A/" = 4 superconformal transformations of the A/" = 3 gauge 
superfields. In particular, we obtain the nonlinear fourth supersymmetry transformation 
of the non-Abelian A/" = 3 superfield strength and prove the A/" = 4 invariance of the 
corresponding non-Abelian action. 

2 Af = 3,d = 3 harmonic superspace 

We use the notation of papers [10, 17] in the A/" = 3 superspace. The real coordinates of the 
A^ = 3 superspace are introduced in the central basis 

z = {x"^,ef,,)), ef- = e^''^-, (2.1) 

where k, I are the spinor indices of the automorphism group SUvi'i). The isovector represen- 
tation for the spinor coordinates contains the Pauli matrices 9'^ = ^^('Tb)*^'^/^;), B = 1,2, 3. 
The spinor derivatives in these coordinates are 



5™^" = C, 5f^C) = ^(^X + ^5'^n)' (2-2) 

where (7'")a/3 are the three-dimensional 7 matrices. The transformations of the A/" = 3 
superconformal group in the real coordinates (2.1) [17] can be rewritten via the Killing su- 
perconformal operator i^3 that contains the generators of the corresponding Lie superalgebra 

K,{z) = d^P^ + rM^ + hD + k^'K^ + a^%i + ef^.^Qi'^') + v'(ki)S^^'\ (2.3) 

where c™, /"*, 6, A;™", a^^, en^n and 7]%^-, are the superconformal parameters. It is easy to con- 
struct these superconformal generators in the central basis, for instance, the S'f/y(2) gener- 
ators have the form 

Vui = e,ne^,^)d^r'^ + e,nei,)d^''\ (2.4) 

The Killing operator connects the active superconformal transformations of superfields 
5* A with the passive superconformal transformations 

5scA{z) = A{z + 6scz) - A{z) = 6*A{z) + K^Aiz). (2.5) 

We consider the important commutation relations of the Killing operator with the spinor 
derivatives, which define the passive superconformal transformations of these derivatives 

[Ks, D^^'^] = -^jD^^'^ - xlDf^ + A^Di"') + AlDi'^") = SscD'^'^ (2.6) 



where 






x^' = a"^ + jix'^'k; + x^%) - jef,/Pk-' + kefM)V^'^^' + oUv^''^' 



A« = a'^i - -e^ne'^^'^e^'^k^p - -£,n(^'^"< + ^''"O, (2.7) 

3 = -h-k^x"^-iBl,^rt^\ (2.8) 

are the superfield parameters. We consider the useful relations 

jj{ni)yki ^ \nkj^(a)^ ^ \^^ i^f) j + ie^'D(f")j + hr^'^Df^J. (2.9) 

The primary superfield of the weight w has the active superconformal transformation 

b*A^ = w2A.^-K^A^. (2.10) 

We study transformations of the spinor derivative of superfield A^ using the formal relation 
\b\Df\ = and formula (2.6). 

The J\f = 3 superconformal linear (tensor) multiplet W'^''''^ satisfies the following superfield 
constraints: 

D^^^'^'^W'^^^^'^ = 0, (2.11) 



where the brackets mean symmetrization in four indices. These constraints are covariant 
under the superconformal transformations 

The superconformal transformation of the SUv{2)/U{l) harmonics u^ can be defined as 
follows: 

Sscut = X^'utulu;, 5scu- = (2.13) 

where the matrix A'^' is given by (2.7). The harmonic projection of the relation (2.9) yields 
the condition 



u 



XM<^f ^A'^' = D++A++ = 0, A++ = A'=V<, /^++=«>.^^fM2.14) 



The Killing vector K^ = K^lz) + X^^d in the extended central basis {z,u) preserves the 
Grassmann analyticity condition D'^^A{z, u) = 

[K^, ^r] = -XID^^ - lu - d-X+^)D^\ (2.15) 

The Grassmann analyticity is manifest in the analytic basis za = {(, ") 

C = (x:^,r+",^°",tz,±), (2.16) 

where we define the isovector combinations of the spinor harmonics 

U++ki ^ ^+k^+i ^ jj—ki^^-k^^i^ f/0'=' = i(M+'=M-' + M+'M-^), (2.18) 

duU+^^%- = -2 /" duU^'^^'Ul = i(5f5;. + 6]6'i). (2.19) 

The special conjugation ~ is defined in the analytic coordinates 

^ = u^\ ^ = x^, ^ = ^0'±±. (2.20) 

In the analytic basis, the harmonic and spinor derivatives have the form 

P++ = 9++ + 22r+°^°'^9f^ + r+"9° + 2^°"9++, d% = i^n^A 

V— = d— - 2ie—''e^^d% + e—'^dl + 2^°"9--, 

po = 5° + 2^++°9^~ - 2^-~"9++, [V++, V—] = V^, (2.21) 

^r = 5r, D-- = d--+2i9-^d^„ Dl = -^dl + t9'^d^„ (2.22) 



where (9°, d^^ are the partial harmonic derivatives. We use the notation 

{D++y = D++"D++, {Dy = D'^^Dl. (2.23) 



The M = 3 analytic superfield 0(C) satisfies the condition -D++0 = 0. The M = 3 
superconformal transformations of the analytic coordinates [17] are generated by the Killing 
operator 

Ki = ICsiC) + Ssce--"d^^, (2.24) 

where the operator JC^i^O acts in the analytic subspace (, for instance, 

ICsui = X+^iC, u)u-, ICsu- = 0, (2.25) 

A++(C) = -^(r+7™^°)A:'" + ^(^°"f/,r - O^^'^U'^^Wf^ + Uti^a'K (2.26) 

The analytic representation of the even superconformal M = 3 generators has the form 
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Prn = dt Mr^ = emnpXld^^ + -{^rnt{e^^''d-f+d''^dl), (2.27) 



D = x^di + \{e+^-d-- + ^°"9°), (2.28) 

Km = XAmX^Adp ' ^ixA^d^ - ^(^++7m^°)5~ 

-liln^r^iOre^^'d-- + lxl{^nr'{ln.),,{e'''-W-' + e'W'j, (2.29) 

Vm = Uti^d- + f/,V^++°(9° + 2ze'''dt,) + 2f/°r+"9--. (2.30) 

The odd analytic superconformal generators act also in the analytic superspace 

qm ^ u++kig-- _ 2,[/-«r+^5^^ + f/0«(50 ^ 2i9'W^^), (2.31) 

S^^'^ = l{in'a[Km,Qt\ (2.32) 

We consider the active realization of the A/" = 3 superconformal transformations on the 
analytic superfields 

S;<j) = Ssc<l>-IC3{0<j). (2.33) 

The Killing operator satisfies the relations 

[7^3^,1?++] = -A++DO = 5scV+^, 

[K^, V-] = -{V-\++)V- = 6,,V-, (2.34) 

which determine the passive operator transformations. 

The harmonic projection of the Af = 3 linear multiplet (2.11) W~^^ = u^u'^W'^^''^ satisfies 
the constraints 

D++W++ = 0, I?++Py++ = (2.35) 

and has the superconformal transformation 

6;w++ = 2\W++ - IC3W++, 



A = -ife - ^-kmx^ + t{e"^u',, - e^^'^u.rWa''^ + ulfl^''\ (2.36) 



The superfield superconformal parameters j and A'-*''^ (2-12) can be expressed via the 
analytic superconformal parameters 

^ki ^ jj^-ki^++ _ jjOki^—x++ + if/++«(l?— )2a++, 
j = 2A-I?-A++, X = -h + U',iX>'K (2.37) 

The Abelian scalar analytic prepotential V^o^^(C) has the gauge transformation 

5aV++ = -V++A, vf+ = -Vo++, A = -A. (2.38) 

The gauge-invariant real analytic superfield strength can be defined via this gauge su- 
perfield [10, 17] 

IiCX2) = hD^^nD^^r6'{z-z,)—^^, (2.39) 

lO (-U+Mg) 

where Vq is the harmonic connection, and / is the integral operator. We use the relations 

V++Vo'- = ^'++^0++, V++W^+ = 0. (2.40) 

We note that the superfields Vq^'^ and Wq'^ have opposite P-parities with respect to the 
transformation 

„0 _1 ^2\ _ /^O ^1 ^2 N r>QO,±± _ /,, \PqO,±± 



P{x% x\, x\) = {x% -x\, x\), P^r^ = -inrjr ■ (2-41) 

The component fields of the vector multiplet 0^^', A^, A", xti ^^^ -^^^ can be determined 
in the W^Z-gauge 

Vw^z = ^{e++fu--<p^' + 2(^++7'"^°)^™ + 2i{eye++'^K + 3^(r+)20°"f/,vx'' 

+3i(r+)'(^°)'[/,:^"X^'. (2.42) 

The P-even superfield V^^ contains the pseudoscalar field 0^^', the scalar X^^ and the vector 
field Am- 

The A/" = 3 supersymmetry transformations of the component fields 

S^^ki ^ _,,(fcO«A„ - ^(e('=^>x;„ + e('^>X?J, (2.43) 

5eAm = '-{e^kDlmX'''), 5eK = -ej.i^d^.fp^"'^ - e^^'^X^u (2.44) 

^sx'' = e^^'^^d^J^ + e('^')^9«,0^^ + {im)c.pF^e^^''''^ - e^^'^X] - e^^^^X^, (2.45) 

F"^ = e^^PidnAp-d,Ar.), 

S^X^i = _,e(^0«5^^A^ + tie^'^^'^d^^x'- + e^'^^S^^x •'') (2.46) 

can be obtained from the superfield transformation of V^~^. 
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The Abelian superfield strength has the simple form in this gauge 

-^-{D'D-)v-{v^+r - ^{D-r{v+^r]v+i (2.47) 

The component decomposition of the superfield strength contains the fields and their 
derivatives 

HiO^^?U,r + (^°)'f/.r - 2{9^^9')U!,]X'\ (2.48) 

where D = rf^^d^d^ and F™ is the Abelian field strength. 

3 Relations between AT = 4 and J\f = ?> harmonic super- 
fields 

3.1 Left A/^ = 4 representations 

The extended A/" = 3 analytic basis includes coordinates (2.17) and the additional spinor 
coordinate 92 

We analyze the relation between the left analytic A/" = 4 basis (A. 15) and the extended 
A/" = 3 basis 

a;™ = x:j + z(7™)„/3^°"^f. (3.3) 

We consider the relations between the differential operators of two bases 

^ = 5^' 9i- = \^l-^9^^^t,-^i-\9l^t,. (3.4) 

d-^ = ^5° + ^9'^^^, + dt- '-918%, (3.5) 

£)++ = 15++, D^- = I?—. (3.6) 

The partial harmonic derivatives of different bases are identical, because the coordinate 
transformations (3.2)-(3.3) do not contain harmonics manifestly. The A/" = 4 supersymmetry 
generators (A. 22) can be rewritten in the basis (3.1) 

Ql = di- \9ldtp, (3.7) 



and operators Qa are given by the standard formula (2.31). 

The left analytic A/" = 4 superfield $2, in the extended A/" = 3 analytic basis 

^l{x1, ^++°, ^+-", u) = 0(I)l{x7, ^++", ^°", u), (3.8) 

o = eM-02D'J = 1 - e^D'^ - \{e,r{Dr (3.9) 

is connected by the invertible operator O to the corresponding A/" = 3 analytic superfield 
(piiO- It is evident, that the A/" = 4 and A/" = 3 analytic superspaces have equal dimensions, 
and their differential operators are connected by the 0-map 

o-'d+-o = -dl o-'d-+o = dl + dl o-'dio = dt o-'d^^o = d^^, 

0-^x'^0 = x'^, 0-^6+-'' = 6^'', 0"^r+"0 = ^°" - ^^ (3.10) 

The representation (3.8) has the manifest left analyticity. 

The 0-transformations of the A/" = 4 supersymmetry generators and the harmonic deriva- 
tives give us 

o-igf)o = g(f'), o^'Qio = Qi + dl qI = -dI (3.11) 

O-'D^^O = Vi^ = V^^ - e^D^^, [V^^, {Qt + dt)] = 0. (3.12) 

The 0-transformations of the SUl{'2) x SUii{2) generators (A. 24), (A. 25) can be obtained 
analogously 

0-'LkiO(l)L = Cu<Pl. 0-'RuO<Pl = 7^H0L, (3.13) 

where the analytic parts of the operators have the form 

A. = u^i'd- + ut.-'e'^d-- + uUe+^-d-- + e^^dl) + 2^f/,--r+"^°"9f,, (3.i4) 

T^ki = -Uj^i^e'-d-- + U',fi^^-d-- - Ulfi'-dl + U^fO^^-dl (3.15) 

The map (3.8) defines the representation of the A/" = 4 superconformal group on the 
A/" = 3 superfield 0l(C) 

K,^l{Cl) ^ /CL0L(C)=O-^i^4O0i, (3.16) 

/Cl = /C3(C) + /C4/3(C), /C4/3 = e:Q^ + <>S^ + &'UH (3.17) 

where /C3(C) is the analytic representation of the A/" = 3 Killing operator (2.33), and the 
additional operators in /C4/3 have the form 

Qi = -Dl S'^ = \{^n.p[K^,Q''l (3.18) 

-U,rO^^-id'^ + Wd^,). (3.19) 

It is easy to check the relation 

[Aki, Qt] = -[Am, Dl] = -Q(ki)a- (3.20) 



We use the commutation relation 



A++ = -^<e+ + 6'='f/++ = 2)++A4, A4 = -\rr,Ql + h^'Ul,. (3.21) 

In the A/" = 3 representation, the A/" = 4 superconformal transformation of the left tensor 
multiplet L^^ has the form 

(5:L++ = 2(A + A4)i:++ - /ClL++. (3.22) 

3.2 Right A/^ = 4 representations 

The alternative basis in the right A/" = 4 superspace (A. 30) contains x^ and the spinor 
coordinates d^^ = u^ufOa , ^^^ = u'^ufOa ■ We consider the relation between the right 
J\f = 4 superspace and the extended M = 3 basis (3.1) 

x^ = Mx^ = x'X- ^(7'")a/3^°"^f • (3.23) 

The action of the map Ai on the left A/" = 4 analytic superfield in the extended A/" = 3 
basis changes the sign of 62 in the representation (3.8) and gives the formula for the right 
analytic superfield 

M<^L = '^RixR, ^++", 0'^", u) = 0-^(/)r{x'2, e++", e°", u), (3.24) 

0-1 = M0 = expie^Dl) = 1 + e^Dl - 1(^4)2(^0)2, (3.25) 

where 0_r(C) is the corresponding A/" = 3 analytic superfield. 

The representation (3.24) guarantees the manifest right analyticity 

9^+[O-Vi?(C)] = 0. (3.26) 

The mirror map of formulae (3.13) yields the right representation of the SUl{2) x SUr{2) 
generators 

OLkiO'^(t)R = MCki(t)L = T^ki4>R, 

ORuO-^(j)R = Mnki(t>L = Cki(t>R, (3.27) 

where the analytic operators are given in (3.14) and (3.15). 

The mirror map of the A/" = 4 superconformal group has the form 

K,^r{Cr) ^ /C«0fi(C), (3.28) 

/C^ = A^/Cz. = /C3(C)-/C4/3, (3.29) 

where /C4/3(C) includes the additional A/" = 4 generators (3.17). Thus, the map 0r(C) = ■M.'Pl 
changes the signs in transformations with the additional A/" = 4 generators, for instance, 
Me2Dl<PL = -^tDl<PR. 



4 A/^ = 4 superconformal models in A/^ = 3 
superspace 

The manifestly supersymmetric A/" = 4 models were investigated in the A/" = 4 superspace 
[20]. We reformulate these models in the A/" = 3 basis (3.1). The corresponding representa- 
tion of the left Abelian A/" = 4 gauge superfield is 

v,\^ = [1 - eiDl - \{e,)\Dy]v,^^{c), (4.1) 

where V^^{Q is the Abelian A/" = 3 analytic prepotential (2.38). The nonanalytic A/" = 4 
Abelian harmonic connection satisfies the equation 

Dl^V-^- = D.-V.t'. (4.2) 

We define the left representation of the fourth supersymmetry generator Q^ on the A/" = 3 
gauge f/(l) prepotential (2.38) 

QtVo^^ = -DlV,^^. (4.3) 

In the gauge (2.42), the supersymmetry transformation contains an additional term with the 
composite parameter K^i^ei) 

5\e,)V^l = etny^t - ^^^A4(64) (4.4) 

and the Q^-transformations of the component fields have the form 

5(^4)0'' = '-e2x'J, S{eMm = |(e47n^A), (4.5) 

5ie,)K = l4hm)a^F^, 5ie,)x''J = efS,^^'^' + e.^X'^', (4.6) 

5(e4)X'=' = '-etd^^x^'K (4.7) 
The J\f = A Abelian superfield strength can be expressed via the superfield V^^" 

W^4V(^r ) = -\iD^^)%-L- = [1 + O^D'^ - \{04nDr]W,^^O, (4.8) 

and it can be connected with the Abelian A/" = 3 analytic superfield strength Wf^~^ (2.39). 
By definition, the superfield strength of the left gauge superfield W^j^ satisfies the right 
analyticity condition 

^rW^4"'/ = 0, D-^W:-^ = (4.9) 

and the harmonic condition D^^W^j^ = D^'^W^j^ = 0. The superconformal transformation 
of this right analytic superfield has the form 

6lWlj^ = 2XnWlj^ - k^Wt^, (4.10) 

Afi = A(C) + ^A;„(^V^4) - Ul,h^^ - ^f/°e') + '- [e'- - hi^ vL (4.11) 
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where the parameter X[() is defined in (2.36). 

The superfields V^'^ and W^j^ are defined in different A/" = 4 superspaces, so it is 
convenient to use their representations V^^^ (4.1) and W^l"^ (4.8) in the M = 3 superspace. 
The corresponding supersymmetry transformation of the pseudoscalar superfield strength 
W^o^'^ can be obtained from the A/" = 4 transformations W^j^ 

Q>o++(V+) = D>o^HVo^^). (4.12) 

This transformation has a mirror form in comparison with (4.3). This formula can be checked 
with the help of the relation 

6*{e,)V,- = -KlV-Dl+V,- = -elDlV,- - ^e2D^+V-V,- . (4.13) 

The active right A/" = 4 superconformal transformation of the superfield strength 

51W^+ = 2(A - A4)M/o++ - )CrW^+ (4.14) 

contains the operator }Cr, the Af = 3 parameter A (2.36) and the additional parameter A4 
(3.21). 

The analytical Abelian A/" = 3 Chern-Simons action 

d(-^V++W^+ = f d^zduVo^+Vo— (4.15) 

is not invariant under the A/" = 4 supersymmetry and the P-parity. 

We consider the Abelian analytic pseudoscalar gauge superfield A'^^{() 

6aA++ = -V++Aa, PA++ = -A++, A++ = -A++. (4.16) 

The WZ -gauge for this superfield 



4++ - 


- Kd+^fu,, 


-^M 


+ 2(r+7'"^0)5„ 


. + 21(9^9++' 


"a 


+ 31(9+ 


^fd'^u,,- 


'P'l 


+32(^+ 


^f{eyu-- 


yfci 














(4.17) 



includes the scalar A'^', pseudoscalar Y^\ pseudovector field B^n and spinor fields C,a,Pa- 
By definition, this A/" = 3 superfield transforms as the right A/" = 4 supermultiplet 

SIA++ = -ICrA++. (4.18) 

The corresponding scalar superfield strength describes the left tensor A/" = 4 multiplet (3.22) 

L++(A++) = M++, (4.19) 

where the linear integral operator / is defined in (2.39). 

Now we can construct the BF interaction with the coupling constant /3 

Sbf{Vo^^, A++) = ~i/3 f rfC~ V0++L++ = -i/3 f dC^duA^+W^^, (4.20) 



11 



which is invariant under the A/" = 4 superconformal transformations and the P-parity trans- 
formation. The equivalent interaction was defined in the A/" = 4 superspace [20]. The A/" = 3 
BF interaction can be expressed as the difference of two Abehan Chern-Simons terms 



^++w++), 



Sbf = -iP j dc\v^^wl+ - V^+W'^ 

Vo^^ = V^^ + V^\ A++ = \/++-\/++. (4.21) 

We note that each Chern-Simons term transforms non-trivially under the fourth supersym- 
metry 

5\e,)V^^ = elDlV^\ 6*{e,)V^^ = e^Dy^^. (4.22) 

The left hypermultiplet ^''^(C) has the A/" = 4 transformation 

6lq+ = (A + A4)g+ - IClQ^. (4.23) 

The A/" = 4 superconformal minimal interaction of the left superfields g"*" and Vf^~^ has the 
form 

f rfC" VV++g+ = f dC^(t{T^^^q^ + V^+q+). (4.24) 

It is not difficult to construct the nonminimal A/" = 4 superconformal coupling of the 
superfield strength WQ^iV^^^) with the right real hypermultiplet VL 

I dc%T)++nf + n~\w++)\ (4.25) 

5lVt = (A - \i)Vl - ICrVI. (4.26) 

The interaction of the gauge superfield A^^ with two complex hypermultiplets q^°'{a = 
1,2) was studied [17] 

S{q, q, A) = j dC-'qt{V++ + A++)g+^ (4.27) 

q^^ = ql = eabq^\ Pq+^ = t% Piqlq^") = -qlq^"- (4-28) 

The action of the Abelian ABJM model S'^^jj^ = SBpiVo, A) + S{q, q, A) is invariant under 
the three nonlinear supersymmetry transformations [17] 

<5,\/o++ = |e-^^°g+g+, 6,A+^ = 0, 

6,q+^ = ^e-^''[Dl + \d^^A- + 9--L\+]qt, (4.29) 

Seqt = <.[^° - 1^^^^'' - d--L\+]qt. 

which form the A/" = 6 supersymmetry together with the A/" = 3 transformations. The 
algebra of these nonlinear transformations closes on the corresponding equations of motion. 

12 



The action S\^jj^ is also invariant under the additional off-shell supersymmetry 

S*{e^)q+- = -e2Dlq+^. (4.30) 

These transformations do not commute with the nonlinear transformations (4.29) 

r (q), S^h^" = ete'^'Hd^, + }:D'^DyA- - 9^ DlLY]qt . (4.31) 



The improved A/" = 3 left linear multiplet w'^^ can be defined via the Abelian superfield 
strength 

W^^iy^^) = l{«C^' + «^+^)> C^'Cki = 2, (4.32) 

using the constant 7 of dimension one and dimensionless constants Cki describing the spon- 
taneous symmetry breaking. We introduce the analogous improved Abelian prepotential 



y++ 



\/++ = 37C-(r+)2 + 7t;++, 

M;++(t;++) = /i;++, (4.33) 



where C = u^u^ C^'. 



We define the improved coupling of V^^ in the A/" = 3 superspace by analogy with the 
A/" = 2, rf = 4 and A/" = 4, rf = 3 cases [12, 20] 



^'W^'-^/^^i iwiC^c-J 



1 /" V w 

= -- dzdu , (4.34) 

iJ (1 + V1 + W++C— )2 

This coupling is invariant under the A/" = 4 superconformal transformations 

6*w^+ = 2(A - A4)(u'++ + C++) - 2(A++ - A++)C° - /Crw++, (4.35) 

which are equivalent to transformations (4.14). The f/ = 2,d = 3 representation of the 
action (4.34) was studied in [22]. 

The variation of this action in f ++ can be expressed via the nonlinear function i?^+(w++) 



SSoiVo^^) = -- f dzduSv--B^+{w++) = -- I dC^6v+^J^++{w++), 

W++ 

5++(u;++) = , (4.36) 

^ (1 + VI + w++C—yi + W++C— 

J-++(ti;++) = /fi++(tt;++), D++J-++ = 0, (4.37) 

where the operator / was many times used above. The action Sq gives the linear equation 
for the function -BJ+. 
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The similar A/" = 4 superconformal coupling of the right gauge superfield A"*""*" arises from 
the improved superfield /"'"+ 

L++(A++)=7«w,V + /++), c^'cfc, = 2, (4.38) 

The combined A/" = 3 action 

S%V++, A++) = Sbf + ^o'' + '^o'' (4.40) 

describes the nontrivial superconformal interaction of two Abelian gauge superfields. The 
quantum properties of this model can be studied by the method of the A/" = 3 supergraphs 
[18]. 

The equivalent superconformal model was earlier considered in the A/" = 4 superspace [20] . 
The corresponding Abelian A/" = 4 prepotentials were defined in different mirror superspaces. 
At the field-component level this model describes nonlinear couplings of two topologically 
massive gauge fields with spinor, scalar and pseudoscalar fields. 

The action of the A/" = 4 electrodynamics contains the constant g of the dimension 1/2 

S! = -j,jdC\W^^f. (4.41) 

It is invariant under the P-parity and A/" = 4 supersymmetry, but breaks the scale invariance. 
We define the dimensionless uncharged analytic function of the Abelian superfield strength, 
which has the right A/" = 4 transformation 

K = e{D++f{D-f{V-f{W++)\ 5*ie,)K = -elD^K, (4.42) 

where the constant ^ has the dimension —2. The analytic A/" = 3 superfield density of the 
nonlinear electrodynamics action 

S^N = --, ldC-\W^^f[l + f{K)l (4.43) 

(4.44) 

is proportional to the density of the quadratic action (4.41) and to the nonlinear function of 
the superfield K. This action has the A/" = 4 supersymmetry. The component Lagrangian 
contains the nonlinear terms [FmF'^Y ■> {dm<P''^d"^<Pki)^- 

5 Non- Abelian gauge theory 

We consider the representation V+;^{Cl) = [1 - ^4^° - i(^4)^(^°)^]V'++(C) for the non- 
Abelian gauge superfields. In this case, the superconformal A/" = 4 symmetry opera- 
tor JCl (3.17) acts linearly on the non-Abelian prepotential V^^, for instance, the fourth 
supersymmetry transformation has the form Qty^"^ = —D^V'^'^. The corresponding 
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nonlinear fourth supersymmetry transformation of the non-Abehan A/^ = 3 connection 
6*{e4)V = —e2QaV arises from the harmonic zero-curvature equation [21] 

QiV- = ^-V-D^^V- = DlV- - i[D++\/-,\/-] + ]^Dl+V-V-, (5.1) 

V++g^V^"" = V— Q^\/++, V^^ = V^^ + V^^, [V++,V— ]=I)°. (5.2) 

The operator K^ (2. 33), (2. 34) acts hnearly on the superfield V . The nonhnear action 
of the special conformal supersymmetry generator on V arises from the commutator 
i(7™)"^[i^„^,Q^]. 

We consider the non-Abelian A/" = 3 superfield strength 

W++ = -UD++fV—. (5.3) 

The fourth supersymmetry transformation of this superfield has the form 

QiW^^ = -liD^^fQlV-- = D>++ - [D++y--, W++], (5.4) 

it preserves analyticity 

D^^Ql^^^ = 0, D++D++V- = -2£^,W++. (5.5) 

We note that the nonlinear terms in the transformations (5.1) and (5.4) differ by the coeffi- 
cient 2. 

The action of the A/" = 3 Yang-Mills theory has the form 



^^^^ = 4^ / ^C-'(^++)'Tr y- W++ = -^ / ^C-'Tr (W^ 



+ ^2 



(5.6) 



The gauge- invariant analytic density of the action L'^^^^ = Tr (W^^)^ transforms linearly by 
analogy with the Abelian quantity (Wf^^)^ (4-14) 

<5*L(+4) = 4(A - A4)L(+4) - /CrL(+4) , (5.7) 

so the action Ssym is invariant under the fourth supersymmetry Q^L'^'^^^ = D'^L^^'^\ al- 
though it breaks the conformal invariance. 

Using the improved Abelian right tensor multiplet ^"'"^(^0^^) (4.35) we can construct 
the right analytic density F{w) = (1 + w'^'^C )^^^'^, 

6lF{w) = -2(A - Xa)F{w) + V++A— - ICrF{w), (5.8) 

where A is some analytic superfield, which is series in degrees of w^^C and is linear 
in super conformal parameters A — A4 and A"'"^ — A^"*". This density allows us to define the 
superconformal generalization of the non-Abelian gauge action 

S(\/++, \/o++) = -\ f dC'F{w)TT (W++)^ (5.9) 
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which contains also the Abehan gauge superfield w~^~^. To prove the superconformal sym- 
metry we use transformations of F{w) and L^'^*^ and formulas 

- f dC^'lCnL^^^^ = -2 f dC\\ - A4)L(+^\ D++L(+^) = 0. (5.10) 

The superconformal generalization of the non-Abelian theory can also be constructed with 
the help of the right hypermultiplet fi(C) = iC^^U^i + w(C) (4.26), then the superconformal 
density is i7"^Tr (W^^)^. The kinetic term for the superfield Vt has a standard form. The 
parameters 7 and C^^ describe the spontaneous breaking of the superconformal symmetry 
in this interaction. 



6 Conclusions 

We review the superconformal transformations in the standard and analytic harmonic super- 
spaces with the A/" = 3, (i = 3 supersymmetry. The active local form of the A/" = 3 transfor- 
mation is defined via the Killing operator K^ which contains the superconformal generators. 
The commutators of K-^ with the fiat A/" = 3 spinor derivatives determine matrices of the 
superconformal transformations. These matrices are used in the superconformal transfor- 
mations of the standard A/" = 3 superfields. The A/" = 3 analytic superspace is convenient 
for the description of the hypermultiplet couplings with the gauge Chern-Simons or Yang- 
Mills superfields. Analogous superconformal structures were considered in the A/" = 4, rf = 3 
superspaces [20], but this formalism has difficulties in the analysis of the left-right A/" = 4 
supermultiplet couplings. 

We study the A/" = 4 superconformal models in the framework of more flexible A/" = 3 
harmonic superspace. Left and right superfields from the mirror A/" = 4 superspaces are 
connected by the operator transformations with the corresponding A/" = 3 harmonic super- 
fields in the same superspace. The representations of the additional A/" = 4 superconformal 
generators Q^, S^ and Aki are constructed in the A/" = 3 analytic superspace. The mirror 
map changes signs of the corresponding A/" = 4 superconformal transformations in the A/" = 3 
superspace. 

It is easy to reformulate the A/" = 4 superfield models [20] in the A/" = 3 superfield 
representation analyzing the additional supersymmetry. We prove that the gauge prepoten- 
tial V^'^ and its superfield strength are the mirror A/" = 4 super mult iplets. The superfield 
Abelian A/" = 3 BF coupling Sbf (4.20) connects the left scalar gauge prepotential with the 
superfield strength of the right pseudoscalar gauge prepotential. This BF coupling is part 
of the f/(l) X [/(I) ABJM model in the A/" = 3 superspace which has the on-shell A/" = 6 
supersymmetry [17]. The improved superconformal forms of the left and right tensor mul- 
tiplets Sq (4.34) and Sq (4.39) are defined in the same A/" = 3 superspace. We derive the 
A/" = 3 representation of the superfield equations of motion for the interesting model based 
on the action Sbf + Sq + Sq. 

We consider the A/" = 4 supersymmetry transformations on the non-Abelian A/" = 3 
superfields and construct the superconformal coupling of these superfields with the Abelian 
gauge superfield. A similar coupling was considered earlier in the A/" = 4 superspace [20]. 
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Appendix 

The A/" = 4, (i = 3 superspace is covariant with respect to the Lorentz group 5*0(2, 1) ~ 
SL{2,R) and the automorphism group SUl{2) x SUji{2). The important property of the 
A/" = 4 superspace is the discrete symmetry with respect to the mirror map 

M : SULi2) ^ SUr{2) (A.l) 

We consider the coordinates of the d = 3,Af = 4 superspace in the central basis [10, 19, 20]: 

^=(^",0, (A.2) 

where i and a are the two-component indices of the automorphism groups SUl{2) and 
SUr{2), respectively. 

In this paper, we identify indices of two SU{2) groups and consider the following decom- 
position of the A/" = 4 spinor coordinates: 

^fca -^ ^M = ^(fcO + ifklOt, (A. 3) 

where ^?^n are the A/" = 3 CB coordinates and 92 is an additional fourth spinor coordinate. 
The A/" = 3 central basis in the A/" = 4 superspace has the form 

z=(x™,^^,,),^r). (A.4) 

We define the corresponding decomposition of the partial spinor derivatives 

€^0l^^^ = Ui{5% + 5t5% dy,=5i (A.5) 

and the A/" = 4 spinor derivatives 



I 



D'J = Df ) - e'^Dl Dt = dt + -ejd^,. (A.6) 

The A/" = 3 superspace is invariant under the mirror map 

The A/" = 4 Killing operator contains the corresponding superconformal parameters and 
generators 

+efH)Qf ^ + elQi + r,US^^'^ + vtSl (A.8) 

Generators of the SUl{2) x SUr{2) transformations L^i = ^iVki + Aki) and Rki = ^iVki — Aki) 
can be written in terms of the SUv{2) generator Vm (2.4) and the additional generator 
A-ki = (^2^a{ki) — '^(^fkn^a which connects spinor coordinates 6'?^^-^ and 92- Now we can separate 
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the operator of the A/" = 3 superconformal transformations K^ and the operator of additional 
transformations -ft'4/3 

K, = K, + K,/s, K4/3 = b^'Aki + elQi + <5t (A.9) 

The A/" = 4 superconformal transformations of the spinor coordinates have the form 



59^ = el + r^ei + \h9ti - uiO^, - 0^,9^^ - \k^,xpi -'-[Q + \{e,f]dik" 
1 „ ., . i_ 1 



kl — ^kl^ ^■y^kl^ T^'^'^kl '^k^'jl ^H^'kj 2-fi^'''- 4!-^ "^ 2^ '^ ^ ''^ '^ 

2l„a 



~^Wki + ^v^'-'ojJm, - 7[e + -{e.rKi = K,et, (a.io) 



jC^O (a I 1 /'fl ^2 _ na nkl 



where = ^f,.C^ 6 + 1(9,)' = e^O^J. 



The fourth supersymmetry generator contains OJ and the corresponding spinor derivative 



Ql = dt- \0ld^.- (A.ll) 

The mirror map (A. 7) yields the automorphism of the A/" = 4 superconformal Lie super- 
algebra 

MAui = -Au, MQt = -Qt, MSt = -Sl MK^ = K^. (A.12) 

The left analytic A/" = 4 basis [20] uses the left SU{2)l/U{1) harmonics -u^ and the 
coordinates 

x™ = X™ + iu+^u-^e'^{TU9]X,, d^x^ = C, (A.13) 

u+D^J = D+^ = d+\ u^D'J = D^^ = -d-'' + 2te"''^d!^f,. (A.14) 

We consider the alternative representation of the left analytic basis 

(^ = (x™, r+°, e+-", uf), e^^" = u^^u^^eii, e^^'^ = u^^u^^e^i, (a.is) 

X™ = X^ - i(7")a/3^++"^~"'^ + i(7'")a/3^+""^"+^, (A.16) 

e+^ = M+r-" - u;e++'', ^-" = u+e—'' - m-^-+". (a.i7) 

It is easy to connect the partial derivatives in different representations, for instance, 

5+' = -M-'a++ - n+'5+-, 9++ = 9++ + ^-+"a++ + 9++"d-+. (A. 18) 

The alternative representations of the A/" = 4 spinor and harmonic derivatives have the 
form 

D-^ = -d-^ + 2^r+^9^^, D-- = d-- + 2t9-^d^^, (A.19) 

D++ = a++ + 2ie++"9+-^dj^^ + ^++"(9+- + 9-+) + (^+-° + ^"+°)9++, 

D^- = d— - 2te—'^e-+^d^p + r-"(9-+ + 9-+) + (r+° + ^-+")9^-, (A.20) 

D^ = 9° + 2r+°9„- - 2^— "9++. 
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where we use the partial derivatives in the new coordinates 

0TTQ±±(3 = d^^e^^f" = 5l d^^e^^^ = 0. (A.21) 

In the left basis, the M = A supersymmetry generators Q^ = Qa — e'^'Q^ have the form 

Qt = I {d-^ - d^-) - ^e^-'^t,. (A.22) 

It is also easy to construct the generator of the special conformal transformations K^ = 
IC^ + K' 

+lxl{^nr'{l^),,[9'-^'d-- + 9^-W-^], (A.23) 

where the operator /C^ acts on the left analytic superfields. 

We consider representations of the SUl{2) x SUr{2) superconformal generators in this 
basis 

+f/,r(^+-"5r + O^^-d^-) + 2^f/,:,-^++°^+-"9^^, (A.24) 

_U++klQ—ag+- _ U0klg—ag++ ^ uOklg-+ag+- ^ ^— «^-+°5++. (A.25) 

We can study the active J\f = 4 superconformal transformations of the left analytic super- 
fields ^l{(l), for instance, 

= -[a'%1 + b''A,i + ef,,)Qf ) + e^QtJ^L- (A.26) 

The superconformal operators Rki do not act on the left even coordinates 

Rkix'^ = 0, Rkiuf = 0, [[Rki, Df^] = 0. (A.27) 

The A/" = 4 Killing operator K4 satisfies the following relations in the left basis: 

[K„Dt+] = -\t+Dl, [K„Dr] = -{Dl-\t+)D2-, (A.28) 



^m 



+^(r-°«,V - O^^'^u.uM'^ - '-e^'-^vt (A.29) 
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We obtain the coordinates and partial derivatives of the right analytic A/" = 4 basis 
(r = A^C-L using the mirror map from the left basis (A. 15) 

Cr = mCl = {x]i,e++^,e-+",uf), (A.30) 

= x^ + 22(7-)„^r-"r +^ (A.31) 

j^Q±±a ^ Q±±a^ 7W^±T" = ^T±", Mu^ = u^, (A.32) 

The right basis in [20] contains the independent right harmonics Va ■ We consider the 
active transformations of superfields and, therefore, can formally use the same harmonics 
and partial harmonic derivatives in the left and right bases. In the right basis, the spinor 
and harmonic derivatives have the form 

D^^ = d^^ = MD^^, D-+ = -d-+=MD+-, (A.33) 

D^- = -d^-+2t9^-^d^f,=MD-+, b-- = d--+2ie~~^d% = MD--, (A.34) 

D++ = 5++ + 2ir+"^-+'^9f^ + r+"(9-+ + d^-) + (r-" + ^-+")9++ = mdi^, 

D^' = d— - 2ie—''B^-^d% + e—'^id-^ + a+-) + (^+-" + ^-+")9--. (A.35) 

The right analytic part of the generator for the special conformal transformations has 
the form 

C = MlCi = -l{0^+^„fi-^)d- + XrnRXld^ - \{xRfd^ - \{l„.r,e++\e' + fd-- 
+ \^l{lnr'{lra)M[d^^'d-- + r+^^M. (A.36) 

The right representation of the SUl{2) x SUii{2) generators and the supersymmetry 
generators can be obtained by the mirror map of the left representation 

Rki = MLki, Aki = -MAki = M{Rki-Lki), (A.37) 

Q{ki) ^ U++MQ-- ^ U-M0++ _ 2ie++^d%) + f/°''(9-+ + 9+- + 2ie'+^d%), 
1 

2 
The right representation of the Killing operator K^^ = K3 — A'4/3 satisfies the relation 

(A.39) 



Qi = -MQt = - (9-+ - 9+- ) + ^r+^9f,. (A.38) 



[k,,. 


^ri = - 


'^i? ^Ri 










■^R 


= M\t^ 


= {a^' - 


h'^Xui 


- 


■ 2(r+ 


7™^ 


+t{e 


-^"utui 


- ^++"m 


uOvf' 


+ 


2 


^r^t 



(A.40) 



Acknowledgements. The author is grateful to E.A. Ivanov for the interesting discus- 
sions. The work is partially supported by RFBR grants N 09-02-01209, 09-01-93107-CNRS 
and 09-02-91349-DFG, by grant DFG 436 RUS 113/669/0-4R and by the Heisenberg-Landau 
programme. 

20 



References 

[1] W. Siegel, Nucl. Phys. B 156 (1979) 135. 

[2] J. Schonfeld, Nucl. Phys. B 185 (1981) 157. 

[3] B.M. Zupnik, D.G. Pak, Theor. Math. Phys. 77:1 (1988) 1070-1076. 

[4] B.M. Zupnik, D.G. Pak, Class. Quant. Grav. 6 (1989) 723. 

[5] B.M. Zupnik, Theor. Math. Phys. 89:2 (1991) 1191. 

[6] B.M. Zupnik, Phys. Lett. B 254:1-2 (1991) 127-131. 

[7] E.A. Ivanov, Phys. Lett. B 268 (1991) 203. 

[8] H. Nishino, S.J. Gates, Int. J. Mod. Phys. 8 (1993) 3371. 

[9] B.M. Zupnik, D.V. Khetselius, Sov. J. Nucl. Phys. 47:4 (1988) 730-735. 

[10] B.M. Zupnik, "Harmonic superspaces for three-dimensional theories" , Supersymme- 
tries and quantum symmetries, Lect. Notes in Phys. 524, eds. J. Wess and E. Ivanov, 
Springer, Berlin, 1999, 116-123; arXiv: hep-th/9804167. 

[11] A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky, E. Sokatchev, Class. Quant. Grav. 
1 (1984) 469. 

[12] A. Galperin, E. Ivanov, V. Ogievetsky, E. Sokatchev, Harmonic superspace, Cambridge 
University Press, Cambridge, 2001. 

[13] P.S. Howe, M.I. Leeming, Clas. Quant. Grav. 11 (1994) 2843, arXiv: hep-th/9402038. 

[14] B.M. Zupnik, Phys. Lett. B 660 (2008) 254, arXiv: 0711.4680 ; B.M. Zupnik, Theor. 
Math. Phys. 157:2 (2008) 1550-1564; arXiv: 0802.0801. 

[15] O. Aharony, O. Bergman, D.L. Jafferis, J. Maldacena, J. High Ener. Phys. 0810 (2008) 
091, arXiv: 0806.1218. 

[16] J. Bagger, N. Lambert, Phys. Rev. D 77 (2008) 065008, arXiv: 0711.0955; 
A. Gustavsson, Nucl. Phys. B811 (2009) 66, arXiv: 0709.1260. 

[17] I.L. Buchbinder, E.A. Ivanov, O. Lechtenfeld, N.G. Pletnev, LB. Samsonov, B.M. Zup- 
nik, J. High. Ener. Phys. 0903 (2009) 096; arXiv: 0811.4774. 

[18] I.L. Buchbinder, E.A. Ivanov, O. Lechtenfeld, N.G. Pletnev, LB. Samsonov, B.M. Zup- 
nik, J. High. Ener. Phys. 0910 (2009) 075; arXiv: 0909.2970. 

[19] B.M. Zupnik, Nucl. Phys. B 554 (1999) 365, Erratum: Nucl. Phys. B 644 (2002) 
405E; arXiv: hep-th/9902038; B.M. Zupnik, Theor. Math. Phys. 120:2 (1999) 1087- 
1093; arxiv: hep-th/9812249. 

[20] B.M. Zupnik, Theor. Math. Phys. 162:1 (2010) 74-89; arxiv: 0905.1179. 

21 



[21] B.M. Zupnik, Phys. Lett. B 183 (1987) 175; B.M. Zupnik, Theor.Math.Phys. 69:2 
(1986) 1101-1105; B.M. Zupnik, Sov. J. Nucl. Phys.44:3 (1986) 512-517. 

[22] E. Koh, S. Lee, S. Lee, J. High. Ener. Phys. 0909 (2009) 122; arXiv: 0907.1641; 

LL. Buchbinder, N.G. Pletnev, LB. Samsonov, J. High. Ener. Phys. 1004 (2010) 124; 
arXiv: 1003.4806. 



22 



